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ABSTRACT

The relationship between spatial conceptions and students' spatial
abilities is still rarely studied specifically, even though this is the basis for
students to think in learning geometry. This paper aims to explore spatial
abilities and the development of spatial ability theory, discusses the
relationship between spatial conceptions in students' understanding,
andhow to develop HLT (Hypothetical Learning Trajectory) in
transformation geometry learning. HLT design consists of three stages:

initial design, experimental, and retrospective analysis. The results of
HLT are then refined into LIT (Local Instructional Trajectory). Then this
paper present the empirical results of the perceptions of twenty 9th
grade students in one of Islamic private school in Kabupaten Kuningan,
West Java, Indonesia, towards the corresponding geometric and math

questions. Literature review analysis was used to analyze the retrieved
articles. At the end of the paper, we explain and discuss how to apply
mathematical conceptions in learning geometry. This research is
expected to be a guidance for teachers to develop learning in accordance
with the students' spatial thinking process in studying geometry.
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Introduction

The use of the term Hypotetichal Learning Trajectory (HLT) was initiated and
implemented in the process of mathematics learning by a mathematician, named Simon.
Simon (2017) focused his attention on the ways teachers teach and present information to
students how the flow of thinking about the concept of mathematics, as well as the creation
of new experiences or problems that are designed to assist the processof better student
understanding. The learning process and the level of thinking called HLT are something
that must be considered in order to achieve the expected goals (Clements & Sarama, 2011).

From the objectives stated by NCTM, it is implied that in the learning process,
students build knowledge from the experiences they find in their lives (Kartianom &
Retnawari, 2018). Teachers need to see how students think about mathematics itself and
relate that knowledge to experience (Retnawati, Djidu, Kartianom, Apino, & Anazifa, 2018).
Following what Ausuble stated, meaningful learning is a learning process that actively
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connects new material with students' pre-existing knowledge (Moreno & Mayer, 1999). For
that purpose, according to Clements, Gravemeijer, and Simon, it, need to conceptualize the
learning trajectory as a description of children's thinking and learning in a particular
mathematical domain and conceptualize an alleged route of student learning trajectories
through a series of instructional tasks (Simon, 2020). Simon, Kara, Placa, and Avitzur
(2018) states that HLT is a bridge between instruction theory and teaching experience in
the field. In line with this, Nuraida and Amam (2019) states that HLT can be analogous to
the route of the student's thought process. If we understand the possible routes to our
destination, then we can choose a good route. From the HLT that has been tested, a suitable
learning trajectory can be obtained and can be used to achieve the expected learning
objectives.

Spatial ability is one of the human cognitive intelligences that is interesting to study
because it has the potential to optimize student achievement (Buckley, Seery, & Canty,
2018). Since the introduction of the study of psychology on spatial abilities in the 1980s,
educational experts have recognized the need to integrate research in the field of
psychology. This is to ascertain the various factors that affect individual mathematics
learning, including those related to spatial abilities (Philip & Presmeg, 2004). As multiple
intelligences initiated by Gardner (1999), spatial abilities have an important role in
studying several branches of science including mathematics, science, architectural
engineering, astronomy, and others. Spatial abilities are also needed to master skills at
work, for example, an architect needs spatial skills to design buildings, a mechanic needs
spatial abilities to assemble or repair damaged machine parts, and much more (Lubinski,
2010; Maeda & Yoon, 2013; Yurt & Sunbul, 2014)

Experts have different opinions about the definition of spatial ability, but in general
spatial ability refers to abilities that involve the process of receiving, storing, repeating, and
transforming visually. Besides that, the gender differences are also one of the factor that
affect the level of performance of spatial abilities (Diane, 2003). Moreover, the spatial
ability is also defined as the basic human ability to imagine mentally, formulate visual
images, and also manipulate these visual images in the mind (McGee, 1979). Previous
studies by experts suggested a positive correlation between spatial abilities and higher-
order thinking skills such as critical thinking and problem-solving skills (Clements &
Sarama, 2011; Hegarty & Kozhevnikov, 1999; Kragten, Admiraal, & Rijlaarsdam, 2015;
Newcombe, 2013).

McGee (1979) formulates components of spatial abilities that have been defined and
state that space, orientation, visualization, holistic (global) perception, change, speed of
perception, change in perception, and figurative transformation. Parsons, Rizzo, Van Der
Zaag, McGee, and Buckwalter (2005) also state that spatial aspects can be seen from spatial
orientation, the memory of spatial locations, news, spatial visualization, distinguishing
objects, and spatial perception. As a result of a meta-analysis of literature studies on
scientific journals that study psychology and spatial abilities, Linn and Petersen (1985)
classified spatial abilities into three different categories: spatial perception, spatial
visualization, and mental rotation.

Spatial perception is defined as a person's ability to determine spatial relationships
even though there is distracting information and can be done spontaneously by using the
gravity process (for example the tilt bottle problem test and horizontal waterline to
measure students' spatial perception abilities) (Linn et al., 1985). Spatial visualization is a
person's ability to manipulate spatial information that is more complex and requires
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several stages to produce accurate and efficient visual images using analytical processes.
Spatial visualization is also described as a person's ability to imagine the movement of
objects, be it translation, reflection, or dilation of objects or their parts in 2-D and 3-D
spaces mentally (Harris, Hirsh-Pasek, & Newcombe, 2013). Spatial visualization can be
measured by using the folding and opening instruments. The last one is mental rotation
which is defined as a person's ability to imagine the rotation of objects 2 or 3 objects
precisely and accurately. It can also be described as a brain activity that moves an object to
help understand what it is and where it is by considering the point of origin, the center of
rotation, and also the angle of rotation (Yiiksel & Biilbiil, 2015).

Spatial ability is often believed to be related to mathematical ability (Frick, 2019;
Mix, Levine, Cheng, Young, Hambrick, Ping, & Konstantopoulos, 2016). The National Council
for Mathematics Teachers (2000) has recognized the importance of introducing spatial
reasoning as a mathematical approach that must be taught to children from childhood.
Through the study of geometry, students will learn about geometric shapes and structures
and how to analyze the characteristics and relationships between geometric shapes. the.
Optimizing the spatial visualization needed to construct and manipulate mental
representations of two- and three-dimensional objects and understanding objects from
different perspectives is an important aspect of students' geometrical thinking. Moreover,
geometry is a natural place for the development of students' reasoning and creative
thinking skills, culminating in problem-solving methods in the middle class. Geometric
modeling and spatial reasoning provide prospects and effective ways of interpreting and
describing the physical environment and can be important tools for the relationship
between spatial conceptions in students' understanding of geometric transformation
concepts (NCTM, 2000). The objectives of learning geometry in NCTM can be seen in the
Table 1.

Table 1
Geometry Standard Indicators from Pre-kindergarten to grade 12
No. Instructional Indicators
1.  analyze the characteristics and properties of geometric shapes in two and three dimensions and can
explain mathematical arguments about these geometric relationships
2. determine coordinates and describe spatial relationships in geometric coordinates and other
representational systems;
3. apply geometric transformations using baseline coordinates (origin, axes, and angles) and

symmetryto analyze mathematical situations
4.  usevisualization skills, spatial reasoning, and geometric modeling to solve problems.

Learning according to the NCTM standard consists of four components: tasks,
discourse, learning environment, and analysis. Assigned tasks can be projects, questions,
problems, constructs, applications, and exercises involving students. Discourse includes
ways of presenting, thinking, speaking, agreeing, and agreeing conducted by teachers and
students to discuss task completion. In giving assignments and implementing teacher
discourse must create a learning environment that helps the development of students'
mathematical abilities. The analysis is a reflection systematically conducted by teachers to
monitor classroom activities on how good assignment, discourse, and an environment that
accelerates the developmentof each student's math achievement (Nurjanah, Yuliardi, &
Luthfi, 2020).

There is a close relation between spatial abilities and studying geometry. Spatial
abilities are intensely involved in creative thinking processes and at higher levels in
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studying branches of science and mathematics (Pirrone, Nicolosi, Passanisi, & Di Nuovo,
2015). According to Sorby, Veurink, and Streiner ( 2018), children who have spatial
abilities do better in science, technology, engineering, and mathematics (STEM). Studying
how students think spatially in studying geometry is something very interesting. By
considering the various components of spatial ability based on the literature of previous
studies, we found that there is a relationship between spatial ability and understanding of
geometric figures. In particular, spatial abilities are closely related to the perceptual and
operative understanding of geometric figures. This motivated us to conduct further studies
on how students' spatial conceptions understand the concept of geometric transformation,
which includes the concepts of translation, reflection, rotation, and dilation, which require
mental spatial visualization (Linn et al., 1985).

Visualization in mathematics requires special training, for example to be able to see
objects in spatial space (especially three dimensions), to understand the whole
configuration of relations, and to understand them as geometric objects. The basic
component of visualization is visual processing (Gutiérrez, 1996). Visual processing
includes the mental imaging process: a) Changes in the position of the object represented,
for example translation, rotation, reflection, etc. b) Changes in the structure of the object
represented, for example the dilation of the object, the image is changed in such a way that
it is different from the initial shape of the object. c) Transforms the above combination of
geometric objects sequentially (Borst & Kosslyn, 2008; Poltrock & Brown, 1984).

Several studies have been carried out in the use of the HLT method to find students'
thought processes in solving mathematical problems associated with psychological aspects
(Ningsih & Paradesa, 2018; Rezky, 2019). Then previous research also shows that the
spatial ability of Indonesian students in working on geometry problems still needs to be
improved (Yuliardi, 2017), this is because students are not used to optimizing their spatial
skills and teachers do not yet know how to develop HLT in learning mathematics in the
classroom. However, there has been no previous research that applies HLT to students'
spatial conceptions in understanding the concept of geometric transformations. Thus, this
motivate us to find out and provide an overview of the development of HLT in students'
spatial conception abilities in studying geometry material, and the results become the basis
for Local Instructional Theory (LIT) which can improve student understanding in learning
geometry.

Research Methods

The method used is the design research with an emphasis on the development of the
HLT instrument. According to Simon (2017), HLT is defined by researchers as a goal to
achieve meaningful learning according to the stage of thinking, a series of tasks to achieve
goals, and predict how students think in understanding concepts by conducting
retrospective analysis after learning activities. Bakker and van Eerde (2015) stated HLT
design consists of three stages: the initial design, the experimental design, and the
retrospective analysis. HLT is used as part of the so-called math learning cycle for one or
two lessons, or even for more than two lessons. HLT can link the learning theory and
concrete learning experiments.

The research subjects were twenty 9th grade students of one of Islamic private junior
high school for the 2019-2020 school year, located in Kabupaten Kuningan, West Jawa,
Indonesia. HLT is used to guide the learning experiment process to understand the
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geometric transformation materialand learning hypotheses that have been determined in
the form of HLT by using design research method. HLT design can be seen Figure 1.

Initial Design Design Retrospective
Preparing For The Experiment Analysis
Experiment
Literature Review Pilot Experiment 1. Data collection
2. Curriculum analysis, 1. Trial HLT (several 2. Analysis of data
basic competencies & students) obtained from learning
core competencies 2. Interviews & activities
3. Subject Determinaticn Observations 3. Making Conclusions on
& Preliminary Study 3. Repair HLT the Learning Path
4. Designing the initial
HLT
5. Develop a lesson plan
6. Develop Student
Worksheets
Teaching Experiment
4. Implementation of
the revised HLT
5. Interviews &
Observations

Figure 1. Hypothetical learning trajectory in mathematics learning by Simon (2017).

Phase 1 - Initial design (preparing for the experiment/preliminary)

The preliminary design aims to see the initial conditions in implementing the ideas
obtained from the literature review on geometry transformation material, curriculum
reviews and learning objectives. The initial research design served as the basis for
formulating students' initial strategic hypotheses in learning the concept of geometric
transformation. In the next step, designed the HLT which contains learning objectives,
learning activities, and presumed students' way of thinking from informal stages to the
formal stage (Supriatna, 2017). The trial was conducted at a private junior high school with
a total of 20 students of grade 9 junior high school in Kabupaten Kuningan, West Java,
Indonesia. The age range of the sample was between 14-15 years with various
backgrounds consisting of 11 girls and 9 boys, this study was conducted from September to
November 2020. The material studied was geometric transformation material. The first
cycle was carried out by HLT testing on the Geometric Transformation material contained
in the 2013 curriculum. This stage was a preliminary design trial.
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Phase 2 - Design of the experiment (Teaching experiment)

Simon (2017) states that "Mathematics Cycle” means that the teacher tries to guess
(thought experiment) before carrying out learning that involves students' mental activity,
then tries to find the student's actual thought process by looking at the way students
understand the concept. This experimental design is divided into two experimental stages:
Pilot Phase, which is the bridge between the initial design phase and the field experiment
and Stages of Teaching The learning experiment which aims to answer research questions
that have been previously asked. The objectives of the pilot activity are: tracing students
'basic knowledge including students' spatial conceptions in understanding geometric
concepts and collecting data to support previous lesson plans.

At this stage the researcher was assisted by a mathematics teacher at the school, the
results of the students' answers were analyzed to find out how students think in solving
geometric transformation problems. The HLT that has been prepared is piloted in stages,
starting with a pilot trial. The experimental stage of learning is carried out in large groups,
the researcher acts as an observer while the teacher teaches the class. The revision of HLT
to LIT (Local Instruction Theory) is carried out at this stage which is adjusted to the
thinking patterns and strategies of students in the material of geometric transformation.

Phase 3 - Retrospective analysis

At this stage, the researcher reflected on learning at the teaching experiment stage.
HLT that has been designed is tried out and compared with the actual student learning
process to answer the formulation of research problems, while the findings in the field will
be observed and recorded for the improvement of HLT. In general, the purpose of
retrospective analysis is to develop LIT (Local Instruction Theory) (Bustang, Zulkardi,
Darmawijoyo, Dolk, & Van Eerde, 2013).

Instrument

The research instrument consisted of 10 questions about the concept of geometric
transformation which measures 3 indicators of spatial abilities: spatial perception, spatial
visualization, and spatial reasoning. The level of difficulty of the questions ranging from
easy questions to difficult questions was used to measure the level of students' spatial
ability in understanding the concept of geometric transformation. Instrument validation is
measured by considering content validation, construct validation and face validation.
Based on the results of instrument testing, the instrument is valid and can be used to
measure the desired ability. Each question in this application is structured in such a way
that students can imagine various ways of solving in their minds using spatial abilities
when solving problems. Instruments for measuring spatial perception, spatial visualization
and spatial reasoning, respectively, can be seen in Figures 2, 3 and 4.

the result of the transformation from
the original image?

e Translation e

» Reflection e

b Q e Rotation e

A B C

: 1) Which of the following images shows

Figure 2. Spatial perception question
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2) Draw an object's shadow according to
& the given transformation!
(Rotation: 90° clockwise to origin)
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Figure 3. Spatial visualization question

3) The image below shows an object
after doing a transformation,
determine what kind of
transformation the object does!

/|

Figure 4. Spatial reasoning question

Results and Discussion

This research was conducted for three weeks. The first week is the initial design stage
where the researcher looked for information about literature reviews, curriculum analysis,
and the development of teaching materials. The second week is the experimental design
stage was through classroom observation, designing and testing the prepared HLT. HLT is
obtained by interviewing students. The third week is a retrospective stage of analysis to
analyze data and draw conclusions. The data of the field study is shown in Tables 2 and 3.

Empirical results from research studies to explore students' perceptions of Geometric

There are two types of data, describing students’ spatial abilities in terms of gender
and students' spatial abilities from the types of spatial skills developed. The description of
the spatial ability score data in terms of gender can be seen in Table 2.

Table 2
Description of the spatial ability score data in terms of gender
N Min. Score  Maks. Score  Mean
Male 9 14 22 16,44
Female 11 11 21 14,64
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Table 2 shows the minimum score for male students are 14, the maximum score is 22
with an average of 16.44. In addition, the minimum score for female students is 11, the
maximum score is 21 with an average score of 14.64. It is evident that the scores of male
students are better than those, although it needs to be further examined through research
related to differences in spatial abilities based on gender. Visually, the spatial results of the
scoring ability in terms of gender can be seen in Figure 5.

Description of the spatial ability score data in terms of

gender

25
20
15
10

- ln

0

min Score max sCore

H male Wfemale

Figure 5. Description of the spatial ability score data in graphic

Whereas related to the results of student scores in terms of the types of spatial abilities
needed to solve the transformation questions above can be seen in the Table 3. Table 3
shows that there are three components of spatial ability that are measured: spatial
perception, spatial visualization, and spatial reasoning. Students' scores in the aspect of
spatial perception ability got the highest score with an average of 1.62 followed by spatial
visualization, while in the aspect of spatial reasoning it had the lowest score with an
average score of 1.42 on a scale of 3. The description of the spatial ability score is shown in
Figure 6.

Description of the spatial ability score data in terms of types

1,8
1,6
1,4
1,2

0,8
0,6
0,4
0,2

]
- His
B 4

Mean Std. Deviation Variance

B Spatial Perception M Spatial Visualization ~ ® Spatial Reasoning

Figure 6. Graphic of the spatial ability score data in terms of types
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Initial design

Simon (2020) stated that in the first step of research design, the teacher should draw
up a learning plan according to the student's learning trajectory. Lesson plans are a
learning scenario compiled by the teacher based on anticipating the possibilities
development of student learning for achieving learning goals based on existing knowledge
owned by students and estimates students' understanding of the material (Daro, Mosher, &
Corcoran, 2011).

The core competencies and basic competencies of learning mathematics that have
been compiled for geometric transformation material (The 2013 Indonesian curriculum),
can be seen in Table 4.

Table 3
Description of the spatial ability score data in terms of types
N Minimum Maximum Mean Std. Deviation Variance
Spatial Perception 40 0 3 1,62 0,807 0,651
Spatial Visualization 80 1 3 1,60 0,756 0,572
Spatial Reasoning 80 1 3 1,45 0,571 0,327
Valid N (Listwise) 40
Table 4
Description of the core competencies
Core Competencies Indicators of Competency Achievement
3.5 Describe the transformation geometry a) Students can determine the image of an object
(reflection, translation, rotation, and resulting from there is a reflection (reflection)
dilation) that is connected with the b) Learners can determine the image of an object
contextual problem. resulting from there is a translation (shift)

c) Students can determine the image of an object due to
rotation (rotation)

d) Students can determine the image of an object due to
dilation

4.5 Solve contextual problem related to a) Students can solve related contextual problems with
geometric transformations (reflection, reflection
translation, rotation, and dilation) b) Students can solve contextual problems related to
translation
c) Students can solve related contextual problems with
rotation
d) Students can solve contextual problems related to
dilation

By reviewing the syllabus and objectives learning, drafted initial HLT transformation
geometry. HLT contains three main components of learning trajectory: learning objectives
to be achieved, activities that are supporting objectives, and conjectures mathematically as
a result of an activity. Activities are made based on the level of students' thinking assisted
with the help of media and contexts that are in accordance with the character of the
students. Hypothetical learning trajectory to learning geometric transformation can be
seen in Figure 7.

The HLT design is designed based on the students' thinking stages in learning the
concept of geometric transformation. Based on the diagram above to achieve optimal
learning objectives, students must understand the basic concepts of geometric change, the
characteristics of each transformation, determine the reference point for the change

http://journals.ums.ac.id/index.php/jramathedu




Journal of Research and Advances in Mathematics Education, 6(3), July 2021, 174-190 183

transformation, then be able to spatially imagine the trajectory of the movement of the
image of the object that changes according to the transformation carried out.
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: Analyze the solution regarding E
: the Geometry Transformation |
X 1
o ——— e - i of the given problem :
. . \
. Determine the image i ‘\_-__-___-___‘ —
1 1 7
: resulting from the Geometry : : ,'
: Transformation ' ! /'
1
\ ] 1,0
o e e N i y
\‘ ,'
S S — K
:’ B — 3 \/ udents are able to
! nderstan e Basic : \”, analyze the
: Concepts of Geometry : v transformation steps of a
1 A given image of the
1
! Transformation 1 ‘dents are able to see transformed obiect
\ ’ )
Ve ——— = y—— benchmarks  (translation swdents sare” able: 1o
1 4 vectors, rotation points, RS ok
' o flection bendharatk 4 optimize the ability of
\ g IS e;tlon EnCmariS1om spatial reasoning to solve
\ s dilation factors)
lvl problems
Students are able to
e . 4 Students are able to
Students are Bble to distinguish optimize  their  spatial revarit aretments
the characteristics of translation, visualization to transform P lated dg /
reflection, rotation and dilation. images mentally in their ;lettfons to tol Eassolve
Students are able to optimize their minds based on roblems
spatial perception zbilities to see benchmarks P
the characteristics of each
transformation

Figure 7. Hypothetical learning trajectory to learning geometric transformation

Design experiment

In the pilot experiment phase, the researcher will test the HLT design that has been
made, and compare it with the conditions and thinking stages of students in the class using
observations and interviews. Besides that the HLT that is designed will be revised
according to the findings during learning, the implementation of this pilot experiment also
adapts to the students' mathematical thinking process. Pohler and Prediger (2015)
describe six stages of the thought process through students' understanding of geometric
transformation material which can be seen in Table 5.

Table 5
Mathematical thinking process according to design experiment
Process Learning Activity

Level 1: Informal Thinking e The teacher gives students perceptions about the relationship between
Stage (starting from the concept of transformation and daily life and culture around
students' perceptions and students. (For example, batik cloth patterns, Borobudur stupa)

initial knowledge) e Students construct the meaning of the concept of transformation by

paying attention to the batik cloth pattern in an informal context

Level 2: The first informal e Students develop informal strategies and initial meanings that they
strategy stage (basic understand from previous activities (from some of the batik cloths
understanding of problem- shown, students begin to understand batik patterns made in
solving strategies) translation, reflection, rotation, and dilation.
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Table 5 (Continued)

Process Learning Activity
Level 3: Procedure step for e The teacher divides the students into groups of 3-4 students, giving
standard problem types each student worksheets (LKS), a group containing the discovery of the

concept of geometric transformation
e students define strategies to solving simple transformation problems

Level 4: Extending the e The teacher gives type 2 questions where students are asked to draw
repertoire images of the results of the transformation by paying attention to the
parameters set and monitoring the activities of students in group
discussions
e Students learn to extend the strategy to other problems by performing
manipulations  visually drawing the results of geometric
transformations

Level 5: Identifying and Students Identify various types of problems (including non-standard
solving different problems problems) in multiple contexts

Level 6: Flexible use of e The teacher gives questions of type 3, where students are asked to
concepts and strategies analyze the steps for the transformation of an object image.
e Students solve a problem more complex with contexts that are unusual.
Each group presented the results of the discussion through a
presentation. This activity will encourage the emergence of new object
design ideas. Teachers provide reinforcement and benefits from this
activity.

Retrospective analysis

The next stage after implementing the experimental design, the retrospective analysis
stage was carried out to obtain the data used as the LIT improvement, while the results of
the sample students' answers are shown in the Figure 8 and 9.

_
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Figure 8. Students' answers to transform geometry problems
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Figure 9. Students' answers to transform geometry problems

Figure 8 and 9 are an example of student answers in solving geometric
transformation problems. The results of the students 'answers were deepened by
interviews and then analyzed to see the students' thought processes, whether they were in
accordance with the student's trajectory design, or were there interesting things that had
not been achieved. This aims to see whether there is a need for improvements in teaching
materials and learning strategies. From the results of the interviewin experimental design
phase, it was found that students had difficulties in understanding the concept of geometric
transformation, including cannot distinguish between the transformation resulting from
reflection and rotation. The excerpt of the interview can be seen below.

Case 1

Teacher : Can you tell the difference between the respective types of transformation above?

Student : Yes, sir, but we are still confused about reflection and rotation

Teacher : Well you can start by comparing the characteristics of the image formed by the reflection
and rotation, the same size, how the image is oriented towards the original image.

The students' difficulties above relate to the ability of spatial perception, where
spatial perception is defined as the ability to determine spatial relationships even though
the position of objects is changed in orientation (Linn & Petersen, 1985). As in the example
problem above students are given a picture and guess what kind of transformation is given,
in this case the student still needs to practice his spatial perception in order to be able to
see it flexibly. In addition, students still have difficulty determining the required attributes
as a benchmark in transforming the intended shape. Student need to train their spatial
perception to be able to see it flexibly, then carefully see the characteristics of the different
images resulting from the transformation with its initial form. This is very important
because it will be the initial process for students to think.
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Case 2

Student 1 : How come the image of my reflection with my friend is different, sir?

Teacher : Ok, try to compare the results of your work with your friends, see the standard according to
the question asked, in the problem of reflecting on the line y = x, try to see whether you have
drawn the liney =xory = -x?

Student 2 : Oh yes sir I drew it wrong, I should have used the line y = x

The problems found above relate to the accuracy of students in determining the
standards/properties of transformation, for example, reflect this triangle ABC on the
x — axis, y — axis or with the line y = mx. The standard of transformation is very
important as a first step for students to think, for example, other concerning clockwise and
counterclockwise rotation. Students must use the ability of spatial visualization to mentally
imagine the image of the rotation, students are allowed to use tools such as arcs, rulers to
measure angles and lengths from the center point to the image point, in this stage. These
students have started to learn to identify a variety of different problems.

Case 3

Teacher : Take a look at the original flat image and its shadows, try to guess what transformations
were made to form the image of the flat shape?

Student 1 : Sir, we can imagine it but it's hard to put it in words

Student 2 : I'm not used to mentally imagining rotation yet, I'm afraid my guess is wrong

Teacher : Try to start to note what you think little by little, use your spatial reasoning abilities, and
express your ideas slowly.

The problems above are related to spatial reasoning, in this case the answers so that
students can use concepts and strategies in a flexible manner, to get used to spatial
reasoning, continuous and systematic training is needed. Teachers also need to use various
learning media that can help students to the planned LIT. The results of this study are
supported by previous research related to the application of HLT. It shows that learning
with hypothetical Learning Trajectory can encourage teachers to present effective learning
for students who have problems, besides that it can develop student learning skills (Ulfa &
Wijaya, 2019).

The results of the retrospective analysis propose to develop students' spatial abilities
and spatial skills should have been taught to students since kindergarten, for an integrated
and systematic curriculum program is needed (Uttal, Meadow, Tipton, Hand, Alden,
Warren, & Newcombe 2013). The design LIT is as follows: at the time before starting
learning, the teacher should prepare learning material better by considering the aspects of
students' spatial abilities, introducing the concept of geometric transformation using
examples of everyday concepts, which have been known to students before, including using
RME in accordance with Nuraida and Amam (2019), effective use of media, one example of
the use of technology-based media. The use of technology-based learning media such as
Cabri 3D and GeoGebra has been shown to improve students' spatial skills (Burte, Gardony,
Hutton, & Taylor, 2017; Sack & Vazquez, 2011; Nurjanah, Latif, Yuliardi, & Tamur, 2020).
Besides scaffolding by teachers, it is still necessary a validmeasurement so that students
can achieve the expected learning trajectory (Confrey, Toutkoushian, & Shah, 2020).
Among the three skills of spatial, spatial perception, spatial visualization, and spatial
reasoning, spatial reasoning requires more attention and practice from students, get
students used to mental analysis and be able to express their ideas. Meanwhile, the
difference in spatial ability between genders is still interesting to continue to be
researched, although there are previous studies that state that male students' spatial skills
are better than female students (Reilly & Neumann, 2013; Turgut & Nagy-kondor, 2013).
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Conclusion

From the results of this study, it can be concluded that HLT is very important for
teachers to arrange learning trajectories as a reference in designing learning that can
optimize spatial skills.Especially spatial abilities that are needed for students to learn
geometric concepts, although of course in this study it cannot be separated from
constraintsexperienced by students from the initial initiation stage to the retrospective
stage. The ideas proposed are the importance of the preparation stage of a teacher in
preparing suitable teaching materials to improve students’ spatial conceptions. Besides
that, the use of technology-based teaching materials is needed to help students' spatial
conceptions, and assistance from teachers in the learning process is still needed by
students to achieve the expected learning trajectory. We expect the emergence of further
research and development of innovative learning media in improving students' spatial
skills by considering HLT as a reference for how students think and build geometric
concept.
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